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A semi-analytical postprocessing method, termed the equilibrium/compatibility method, is employed for

computation of hitherto unavailable through-thickness variation of interlaminar shear stresses in the neighborhood

of the bilayer interface circumferential reentrant corner line of an internal (part-through) elliptical cylindrical hole

weakening an edge-loaded laminated composite plate. A C0-type triangular composite plate element, based on the

assumptions of transverse inextensibility and layerwise constant shear-angle theory, is used to first compute the in-

plane stresses and layerwise through-thickness average interlaminar shear stresses, which serve as the starting point

for computation of through-thickness distribution of interlaminar shear stresses in the vicinity of the bilayer

interface circumferential reentrant corner line of the internal hole. The errors in the same stresses computed by the

conventional equilibrium method are more severe in the presence of the bilayer interface circumferential reentrant

corner line singularity arising out of the internal (part-through) elliptical cylindrical hole than their circular

counterparts, and are, as before, found to violate the interfacial compatibility condition. The computed interlaminar

shear stresses can vary fromnegative to positive through the thickness of a cross-ply plate in the neighborhood of this

kind of stress singularity.

I. Introduction

I NTERNAL (part-through) elliptical cylindrical holes are more
realistic representations of internal cracklike flaws and damages

that invariably occur during the manufacturing process, and
propagate during service with catastrophic consequences [1–5]. The
presence of internal part-through holes inside composite laminates is
unavoidable in practice. A part of the internal material may be
missing as a result of faulty manufacturing techniques. Although the
issues concerning the weakening effects of through-thickness ellip-
tical holes in laminated composite plates are well documented in the
literature [6–8], the twin-problems of stress concentration and stress
intensity in the vicinity of internal part-through holes weakening
both homogeneous as well as laminated plates have till recently
remained a virgin territory [1–5]. These interlaminar stresses in the
neighborhood of such a hole in a stretched homogeneous isotropic as
well as laminated anisotropic plate vary through the thickness, which
brings three-dimensional effect even in a thin plateweakened by such
an embedded (part-through) hole [1–5]. Finally, the effect of stress
singularity in the neighborhood of the bilayer interface circum-
ferential reentrant corner line of the internal hole weakening a
laminated plate is also of serious concerns.

Majority of the finite element based postprocessing approaches
employ equilibrium equations of three-dimensional elasticity theory,
referred to here as the equilibrium method (EM) [9–14], the only
exceptions being Chaudhuri and Seide [15], Chaudhuri [16] and
Chaudhuri et al. [17]. The latter investigations have introduced a
semi-analytical postprocessing method, termed the equilibrium/
compatibility method, wherein both the equilibrium equations as

well as interfacial compatibility conditions are satisfied in the
pointwise sense. This latter approach has recently been employed for
computation of hitherto unavailable through-thickness variation of
transverse shear stresses in the vicinity of the circumferential reen-
trant corner lines of internal (part-through) circular and elliptical
cylindrical holes weakening edge-loaded isotropic plates [18,19].
This also has recently been extended to the case of a cross-ply plate
weakened by an internal (part-through) circular cylindrical hole [20].
A detailed review of the literature, however, reveals that the deter-
mination of interlaminar shear stresses in the vicinity of an internal
(part-through) elliptical cylindrical hole weakening a laminated
anisotropic plate, subjected to all-round tension, has still remained
unaddressed in the literature. The primary objective of the present
investigation is to fill this important gap. Of particular interest is the
effect of internal hole geometry on the accuracy or lack thereof of
interlaminar shear stresses, computed using the two approaches, i.e.,
the equilibrium method and the equilibrium/compatibility method.

In what follows, a curvilinear triangular element, based on the
assumptions of transverse inextensibility and layerwise constant
shear angle (LCST), is employed as a starting point to determine the
through-thickness distribution of interlaminar or transverse shear
stresses in the vicinity of an embedded (part-through) elliptical
cylindrical hole, weakening a cross-ply plate, using a method that
satisfies the equilibrium as well as interfacial compatibility in the
pointwise sense. In this connection, it may be noted that the stress
singularity, in the neighborhood of the bilayer interface circum-
ferential reentrant corner line of the internal (part-through) hole, is
that of a bimaterial wedge type singularity [21,22], of which thewell-
known free-edge stress singularity [23–26] is a special case.

II. Finite Element Formulation

An N-layer laminated composite triangular element (see figure 1
of [23]) with its bottom surface designated as the reference surface is
employed here. The curvilinear triangular element is ideally suited
for analysis of a laminated anisotropic plate weakened by a part-
through hole of arbitrary geometry (e.g., elliptical, hyperbolic, etc.).
The small deformation of such weakened plates [1–3] can be
analyzed using a finite element formulated on the basis of as-
sumptions of transverse inextensibility and layerwise constant shear

Received 27 July 2010; revision received 28 November 2010; accepted for
publication 5December 2010. Copyright ©2011 by theAmerican Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0001-1452/11 and $10.00 in
correspondence with the CCC.

∗Department of Materials Science and Engineering, 122 S. Central
Campus Drive, Room 304; r.chaudhuri@utah.edu.

†Emeritus Professor, Department of Civil and Environmental Engineering,
3620 S. Vermont Avenue, KAP 210.

AIAA JOURNAL
Vol. 49, No. 6, June 2011

1292

http://dx.doi.org/10.2514/1.J050799


angle [27–29]. The special case of amoderately thick plateweakened
by a through hole [30] can be analyzed by a finite element
formulation based on the Mindlin hypothesis [31,32].

III. Determination of Interlaminar Shear Stresses
Using the Equilibrium/Compatibility Method

Equations of equilibrium for a plate in curvilinear coordinates
neglecting the body forces are given by

�lm=l � 0; m; l� 1����; 2����; 3��z� (1)

where the covariant derivatives of contravariant components of
stresses �lm are defined as

�lm=l � �lm;l � �mlp�
lp � �

p
lp�

lm (2)

while the Euclidean–Christoffel symbol �mlp is defined as follows:

�mlp � �mpl �
1

2
gmn�gnp;l � gln ;p � glp;n� (3)

with

g11�
1

g11
; g22�

1

g22
; g33� 1; gmn� gmn� 0;

m≠ n

(4)

The relations (4) hold on account of selection of the orthogonal
curvilinear coordinate system �, �, z, where � and � denote the
directions of the coordinates of the plate reference (bottom) surface,
while z denotes the direction of the normal to the reference surface. It
is noteworthy that �, �, and z represent the local (or element)
coordinates for the N-layer composite element.

A. General Flat Curvilinear Coordinates

The local or element coordinates are denoted by �, �, and z, while
the corresponding global or plate coordinates are represented by x, y,
z. Substitution of Eqs. (2–4) into Eq. (1), withm� 1 (or �), will lead
to the first equation of equilibrium in terms of the physical
components of the stresses:
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�
(5)

in which the curvilinear coordinates for the special case of elliptical
geometry are given by �� n, �� s, z [19,33]

�g � �
�������
g11
p � �a�sinh2n� sin2s�1=2 (6a)

�g � �
�������
g22
p � �a�sinh2n� sin2s�1=2 (6b)

where

a� �a cosh�n� (6c)

c� �a sinh�n� (6d)

�a�
�������������������
�a2 � c2�

p
(6e)

n� tanh�1�c=a� (6f)

It may be noted here that n, s represent the elliptical coordinate
system. s represents the tangential direction, while its magnitude is
the angle the tangent makes with the y-axis (i.e., the normal makes

with the x-axis) as shown in Fig. 1b. The second equation of
equilibrium of elasticity can be obtained from Eq. (5) by replacing �
by � and vice versa.

The left-hand sides of Eq. (A9) or Eq. (A10) can be obtained from
the first equation of equilibrium, given by Eq. (5), as follows:
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(7)

B. Fixed Natural Coordinates Basis Vectors Approximation

The natural coordinate basis vectors, defined by Park and Stanley
[34] as

a r � gr=
�������
grr
p

; r� 1; 2; �no sum on r� (8)

where

g r �
@xm

@�r
im; m; r� 1; 2; 3 (9)

can be assumed to be fixed, when subjected to differentiation with
respect to � and �. This implies that for sufficiently small elements,
which is reasonable to expect at the time of convergence

g r �
�������
grr
p

ar �
�������
grr
p

ir; r� 1; 2; 3�no sum on r� (10)

This approximation helps simplify Eq. (5) and consequently, Eq. (7)
in the following manner. Computation of the various derivatives of
the surface-parallel components of stresses with respect to � and �,
which appear in Eq. (7) would involve additional computations, and
also a slower rate of convergence, when obtained using an assumed
displacement finite element method (FEM). The computation of
these derivatives is avoided by integration of both sides of Eq. (5)
over the surface area of a triangular element, and then application of
the divergence (Green–Gauss) theorem [15,16]. This procedure, in
conjunction with the approximation given by Eq. (10), simplifies,
e.g., the first equation of equilibrium, given by Eq. (5), as follows:

ZZ
Sj

@��i��z

@z
dS��

ZZ
Sj

��i��m;m�z�dS��
X3
k�1

Z
��
�k�
j

��i��m�z� �n�k�m d�;

m�1����;2����
(11)

in which �sj and ��j are the area and perimeter, respectively, of the jth

triangular element, while �n�k�m at a point on the kth side of the curved
triangle can be obtained in a manner described in Appendix of
Chaudhuri [16]. Equation (7) can also be simplified in a similar
manner.

C. Cartesian-Like Local Riemann Coordinates Approximation

Every Riemann space admits local Riemann coordinates for any
given origin, where all the Chistoffel symbols vanish [11,16,35]. The
Riemann coordinates with origin in the present context may be
defined as

x�
Z
x

0

�g� d� (12a)

y�
Z
y

0

�g� d� (12b)

These Riemann coordinates may be thought to behave like rect-
angular Cartesian coordinates in the vicinity of the local or element
origin, because every Riemann space also is locally Euclidean (i.e.,
admits rectangular Cartesian coordinates), which implies that every
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sufficiently small (infinitesimally small in the limit) portion of a
Riemann space is Euclidean. Since for quadratic shape functions

��i�xm;m (m� x̤ , y) is constant with respect to x̤ , y, under the Cartesian-
like Riemann coordinates (CLRC) approximation, integrating
Eq. (7) over the area of the element and dividing by the samewill not

alter anything. This step yields
@�
�i�
�z �z�
@z

in the ith layer as follows:
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where n�k�m for m� 1 (�x), 2 (�y) and �
�k�
j for k� 1; . . . ; 3 for the

jth triangular element are given by equations (A14) and (A15),
respectively, of [20] (see also figure eight of [20]). As the in-plane

stresses, ��i�� , etc., are linear functions of x and y, one Gauss point is
sufficient for exact integration on each side of the triangle. Besides,
the in-plane stresses at the midpoints of the sides are exceptionally

accurate (Barlow points). This step yields the jump in
@��z�z�
@z

at the

(i� 1)th interface as given below:
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� x1� � ��i�x �ti�jNode 6y2 � ��i�xy �ti�jNode 6x2g�;
for i� 1; . . . ; N � 1 (14)

where J�i�1�� , i� 1; . . . ; N � 1, is given by Equation (7).
Finally, Eqs. (A6a), (A6b), and (A8) and the combination of

Eqs. (A10) and (14) determine the 3N unknown parameters required
for describing the ��z�z� � �xz�z� distribution through the thickness
of the N-layer laminated anisotropic plate under investigation.
Following an identical procedure and using the second equation of
equilibrium, ��z�z� � �yz�z� distribution through the laminate
thickness can be determined. The centroid of the quadratic triangular
element is the point of exceptional accuracy for the interlaminar shear
stresses [15].

IV. Numerical Results and Discussions

The cross-ply plate, shown in Fig. 1, has three distinct layers
(90	=0	=90	), the middle layer having the same thickness as that of

the internal part-through elliptical cylindrical hole. ��i � 0	 denotes
fibers in the ith layer being laid up parallel to x-axis. A and A0 denote
bottom and top corner points, the loci of which represent circum-
ferential bilayer interface reentrant corner lines of an internal part-
through elliptical cylindrical hole weakening an edge-loaded
rectangular cross-ply plate in Fig. 1a. The following geometric
parameters are selected: L� 50:8 cm (20 in.), b� 35:56 cm
(14 in.), t� 0:762 cm (0.3 in.), a� 5:04 cm (2 in.), c� 2:54 cm
(1 in.), h� 0:504 cm (0.2 in.). The orthotropic lamina elastic
properties are as follows: E11 � 275:8 GPa (40 Msi), E22 �
6:895 GPa (1 Msi), G12 �G13 �G23 � 3:4475 GPa (0.5 Msi),
�12 � �13 � 0:25, �23 � 0:25. Here E11 and E22 represent Young’s
moduli in the direction of the fibers and transverse to the fibers,
respectively, whileG12 denotes the in-plane shear modulus.G13 and
G23 represent the transverse shear moduli in the planes parallel and
normal to the fiber direction, respectively. �12 denotes the major
Poisson’s ratio in the plane of the lamina, while �13 and �23 represent
major Poisson’s ratios in the transverse planes parallel and normal to
the fiber direction, respectively. The plate is subjected to all-round

tension, q� 689:5 kPa (100 psi). The finite element model is the
same as figure 4 of Chaudhuri [3]. The interlaminar shear stresses,
computed by the present equilibrium/compatibility method, have
been obtained by using the reduced integration.

Figures 2 and 3 present variation of the midsurface normalized

interlaminar (transverse) shear stresses, �
nz � 100��2�nz �t2=2�=q and

�
sz � 100��2�sz �t2=2�=q, computed at the centroids of the triangular
elements adjacent to the boundary of the internal part-through
elliptical hole (see also Table 1), with respect to s. The present
solutions feature a nearly constant interlaminar shear stress variation
in regards to the angular position, while their equilibrium coun-
terparts show a radically different trend, primarily as a result of
oscillations. As has been observed in the case of an internal part-
through circular [18] and elliptical [19] hole weakening a homo-
geneous isotropic plate or an internal part-through circular hole
weakening a cross-ply plate [20], the results for interlaminar or
transverse shear stresses, computed using the equilibrium method,
are in serious errors and evenmore so than their circular counterparts.
In comparison to their counterparts for the homogeneous isotropic

Fig. 1 Rectangular cross-ply plate weakened by an internal part-

through elliptical cylindrical hole under all-round tension.
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Fig. 2 Variation of the normalized transverse shear stresses a) �nz and
b) �sz, around the circumference of an internal part-through elliptical

cylindrical hole (see also Table 1).
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case [19], the interlaminar (or transverse) shear stresses, computed
using the equilibrium method, are characterized by much larger
oscillations as compared with those computed using the present
equilibrium/compatibility method in more or less the entire range of
s. Figure 2 shows a significantly larger error in the interlaminar shear
stress, �
nz, vs s curve, in the neighborhood of the bilayer interface
circumferential reentrant corner line of the internal part-through
elliptical hole, in the range, 0	 < s < 60	, and relatively speaking,
smaller error in the range, 70	 < s < 90	, as compared with its
circular counterpart (see figure 4 of [20]). Figure 3 displays more
severe oscillations in �
sz vs s curve, computed using the equilibrium
method, as compared with its circular counterpart (see figure 5 of
[20]), although the latter produces larger error in � close to 90	. These
errors are also influenced by the interactions of the free-edge stress
singularities at the boundaries, x� L=2 and y� b=2, with that
resulting from the presence of the internal elliptical cylindrical hole.
It may be recalled in this connection that for a cross-ply laminate
compromised by the presence of an embedded part-through elliptical
hole in themiddle layer, in addition to the near-field stress singularity
at the circumferential line of intersection of the part-though holewith
the material of the middle layer in the form of a circumferential
bilayer interface reentrant corner, there is a far-field free-edge stress
singularity at the bilayer interface at each of the plate boundaries,
x� L=2, and y� b=2. These two types (i.e., far-field and near-field)
of stress singularities interact rather strongly so that the effect of the
internal part-through hole never dies down at the plate boundary
[2,3], and St. Venant’s principle does not hold in this situation [21].
This is unlike what has been shown for the homogeneous isotropic
plate weakened by an identical part-through hole [1,3].

Figures 4a and 4b show variation of ��i�nz �z� and ��i�sz �z� through the
thickness at x� 1:5103 cm (0.5946 in.), y� 2:5842 cm
(1.0174 in.), s� 81:6875	. As has been stated earlier, and also can
be seen from Figs. 4a and 4b the transverse shear stress distribution
through the thickness computed by the equilibrium method is in

serious error. Since the layer-material is homogeneous, ��i�nz vs z curve

cannot have a “corner” within a layer, because that would imply

jumps (or discontinuities) in the stresses, ��i�n �z� and ��i�ns �z�, which, in
turn, would imply jumps in strains, "�i�n �z� and ��i�ns �z�, and conse-
quently discontinuities in in-plane displacements at that particular z,
i.e., the compatibility conditions are violated [18–20]. The apparent
reason behind this lack of accuracy in the result computed by the
equilibrium method is that there is only one integration constant,
which cannot make the computed transverse shear stress vanish on
both the bottom and top surfaces of plate, unless symmetry with
respect to the middle surface is invoked [18–20]. The error in
@�
�i�
x �z�
@x
� @�

�i�
xy �z�
@y

computed by thefinite elementmethod is “body force”

like (constant through thickness in uniform stretching problems), and

is of the order of
@�
�i�
xz �z�
@z

. When ��i�xz �z� is computed by the equilibrium

method by integrating the first equation of equilibrium through
thickness, this error shows up as a straight line. In the case of a
symmetrically (with respect to the middle surface) placed internal
part-through elliptical cylindrical hole weakening a symmetrically

laminated cross-ply plate subjected to uniform stretching, if ��i�xz �z�
through half the thickness is computed by using the equilibrium
method, and the same through the other half is obtained by using
symmetry, this would result in the formation of a corner in the curve
at the midsurface, which cannot be acceptable because of the
violation of the compatibility condition at the midsurface of the plate
in the immediate neighborhood of the bilayer interface circum-
ferential reentrant corner line.

It is worthwhile to note from figure 10 of Chaudhuri [3] that ��i�x �z�
at the bilayer interface (circumferential reentrant corner line)
experiences a jump at the circumference of the internal part-through
elliptical cylindrical hole, and that the maximum stress occurs at this

corner. The slope of the above curve (i.e., ��i�x;x�z�) at the bilayer
interface circumferential reentrant corner is approximately tan��=
2� �1, which, when substituted into the equilibrium equations,

will yield singular transverse stresses, ��i�xz �z� and ��i�z �z�, in that
neighborhood. Figure 7 of [20] displays the state of stress in a 270	

bimaterial wedge shaped plane section normal to the bilayer interface
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Fig. 3 Through-thickness variation of normalized transverse shear

stress, 100�nz=q, in the vicinity of an internal part-through elliptical
cylindrical hole (x� 1:5103 cm (0.5946 in.), y� 2:5842 cm (1.0174 in.),

s� 81:6875�).

Table 1 Variation of transverse shear stresses at the midsurface around the circumference of a part-through elliptical
hole in a rectangular cross-ply plate

Location 100�2nz�t2=2�
q

100�2sz�t2=2�
q

x y s, deg Equilibrium method Equilibrium/compatibility
method

Equilibrium method Equilibrium/compatibility
method

2.045 0.127 13.980 �2:002 1.147 �3:080 �0:069
1.839 0.481 46.924 �13:430 1.235 �2:904 �0:430
1.650 0.638 57.120 �5:196 0.727 5.415 �1:375
1.501 0.727 60.422 �0:426 1.478 �0:275 �2:388
1.233 0.850 70.070 �3:235 1.559 7.395 �2:844
0.928 0.948 76.253 1.429 1.537 �10:391 �2:893
0.595 1.017 81.688 6.907 1.630 �45:665 �2:564
0.116 1.062 88.438 3.221 1.715 �23:717 �1:034

Fig. 4 Through-thickness variation of normalized transverse shear

stress, 100�sz=q, in the vicinity of an internal part-through elliptical
cylindrical hole (x� 1:5103 cm (0.5946 in.), y� 2:5842 cm (1.0174 in.),

s� 81:6875�).
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circumferential line of intersection of the boundary wall of the
internal (circular/elliptical) part-through hole with its ceiling or floor
(locus of point A or A0 in Fig. 1). The local coordinate system in that
figure is composed of R, which denotes the radial direction from a
point located on the circumferential line of intersection of the bottom
interior surface of the plate and the hole,	, which denotes the angular
direction measured counterclockwise from the hole surface, and s,
which is positive counterclockwise (looking from top) along the
circumferential line of intersection of the interior surface of the plate

and the hole surface. The stresses,��i�R , ��i�	 , ��i�R	, and �
�i�
s , are singular

in the vicinity of the bilayer interface circumferential reentrant corner
line of the internal part-through hole [5,26]. This translates into

rendering ��i�n , ��i�nz , �
�i�
z , and ��i�s singular in that neighborhood. The

stress field varies as R�
, 0< 
 < 1, in the vicinity of the bilayer
interface circumferential corner line of the part-through hole. In the
presence of a stress singularity of this kind, the stress gradients are
also significantly large, which combined with the constant (through
the thickness) term causes the above-mentioned “body force’ like
error upon integrationwith respect to z, when the equilibriummethod
is used. This implies that the artificial corner (see Figs. 4a and 4b)will
appear whenever in-plane stress gradients do not vanish at the
midsurface of the plate, and consequently the equilibrium method
will fail to deliver accurate results for the interlaminar shear stresses.

The above-mentioned corner and the associated “body force” like
error can be eliminated by using the present method as can be seen
fromFigs. 4a and 4b because of its satisfaction of the bilayer interface
compatibility condition, given by Eq. (7) or Eq. (14) in combination
with Eq. (A10), in the form of the condition (iv) of Sec. III. In this
connection, it may be remarked that the accuracy (or lack thereof) of
the equilibrium method is a good indicator of the accuracy of the
computed intralaminar (in-plane) stresses (strictly speaking stress
gradients), since this method depends on equilibrium of these
stresses. This is in line with the fact that the computed in-plane

stresses including ��i�s computed at the edge of the hole at or near
s� 90	 may be in some error. As has been discussed earlier [18–20],
the subparametric version of the assumed quadratic displacement
triangular element cannot accurately predict the stresses in the
elements located inside the “boundary-layer” zone.

A comparison of the computed through-thickness distribution of

the interlaminar shear stress, ��i�nz , in the vicinity of an internal part-
through elliptical cylindrical hole, shown in Fig. 4a, with its
counterpart for a homogeneous plate, shown in figure 4 of Chaudhuri

[19], reveals that the present interlaminar shear stress, ��i�nz , can vary
from negative to positive through the thickness of a cross-ply plate in
the neighborhood of the above-mentioned kind of stress singularity,
while its homogeneous isotropic counterpart is always positive, other
factors remaining unaltered. Furthermore, the interlaminar shear

stress, ��i�nz , is, in the present case, much smaller in magnitude than its
counterpart for a homogeneous isotropic plate.

V. Conclusions

The present investigation deals with the important issue of
simultaneously satisfying the pointwise equilibrium and compati-
bility conditions of elasticity theory by the stresses computed using
the conventional FEM in the vicinity of a stress singularity. It
reaffirms, to a rather more extreme degree, the conclusion reached
earlier in the case of its homogeneous counterpart [19] in regards to
the accuracy (or lack thereof) of the stresses computed using the
conventional (assumed displacement potential energy based) finite
element analysis and computed FEM-based postprocessing analysis
results for interlaminar shear stresses in the vicinity of a stress
singularity, such as the bilayer interface circumferential corner line of
an internal elliptical cylindrical hole. Equation (7) or Eq. (14), in
combination with Eq. (A10), constitutes the required layer-interface
compatibility equation, when a weak or integral form of solution (in
Sobolev space,H1) is sought with convergence in the L2 norm [18–
20]. This equation is the counterpart of the compatibility
(differential) equation (see the last part of equation 4, p. 101, Fung
[36]) when strong or differential form of solution is sought with

convergence in the sup norm. The following important conclusions
are drawn from the numerical results of the present finite element
based postprocessing analysis:

1) The present solutions features a nearly constant interlaminar
shear stress variation in regards to the angular position, while their
equilibrium counterparts show a different trend, primarily as a result
oscillations discussed below in item 3.

2) The transverse shear stress ��i�nz computed using the conventional
equilibrium method is in serious error in the presence of the stress
singularity at the circumferential reentrant corner line of an internal

part-through elliptical cylindrical hole. This is because ��i�nz is
singular. This error is “body force” like, and is due to the violation of
the compatibility equation in the presence of stress singularity.

3) In comparison with their counterparts for the homogeneous
isotropic case, the interlaminar (or transverse) shear stresses
computed using the equilibrium method are characterized by much
larger oscillations (errors) as compared with those computed using
the present equilibrium/compatibility method in more or less the
entire range of s.

4) The errors in the interlaminar shear stresses (computed using the
equilibrium method) vs s curves, in the neighborhood of the bilayer
interface circumferential reentrant corner line of the internal part-
through elliptical cylindrical hole are characterized by even larger
oscillations than their circular counterparts.

5) As in the case of its circular counterpart, two types of stress
singularities (i.e., near-field and far-field) interact so that the effect of
the internal part-through elliptical hole never dies down at the plate
boundary, and St. Venant’s principle does not hold in this situation.
This is unlike what has been shown for the homogeneous isotropic
plate weakened by an otherwise identical part-through hole.

6) The above error can be eliminated by using the present method
because of its satisfaction of layer-interface compatibility condition
in the vicinity of the circumferential reentrant corner line singularity
arising out of the internal part-through hole.

7) A comparison of the computed through-thickness distribution

of the interlaminar shear stress, ��i�nz , in the vicinity of an internal part-
through elliptical cylindrical hole with its counterpart for a
homogeneous plate reveals that the present interlaminar shear stress
can vary from negative to positive through the thickness of a cross-
ply plate in the neighborhood of the above-mentioned kind of stress
singularity, while its homogeneous isotropic counterpart is always
positive, other factors remaining unaltered. Furthermore, the inter-

laminar shear stress, ��i�nz , is, in the present case, much smaller in
magnitude than its counterpart for a homogeneous isotropic plate.

Appendix

Once the nodal displacements are computed using the finite
element method, the layer-element stresses can be obtained using the
following relation [15,16]:

f��i��z�gT � �C�i���A�i��z���B�i�j �fd
�i�
j g (A1)

where � and � are general curvilinear coordinates in the plane of the
plate, z is the transverse coordinate local to the ith layer, and is
measured from its bottom surface, and

f��i��z�gT � f ��i�� �z�; ��i�� �z�; ��i����z�; ���i��z ; ���i��z g (A2)

while �A�i��z��, �C�i�� and fd�i�j g are as given by Eqs. (A1), (A3), and
(A7), respectively, in the appendix of [20]. �B�i�j � is given by Eq. (A8)
of [20], except the following:
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�Tk�T �
	k;�
g�

	k;�
g�

h i
(A3b)

in which 	k, k� 1; . . . ; 6, represents the shape function [3].
The assumption of LCST implies parabolic variation of inter-

laminar (transverse) shear strains and stresses through the thickness

of a layer. This implies, for example, that ��i��z �z� is of the form
[15,16]:

��i��z �z� � N1�z� �f�i�1 � N2�z� �f�i�2 � N3�z� �f�i�3 (A4)

where �f�i�1 , �f�i�2 and �f�i�3 represent ��i��z �z� at the bottom,middle and top
surface, respectively, of the ith layer.N1�z�,N2�z� andN3�z� are one-
dimensional quadratic shape functions, defined by

N1�z� � 1 � 3z

ti
� 2z2

t2i
; N2�z� �

4z

ti
� 4z2

t2i
;

N3�z� � �
z

ti
� 2z2

t2i

(A5)

��z�z� distribution through the thickness of an N-layer laminate,
therefore, requires 3N unknown parameters, which, in turn, ask for
3N equations. The present equilibrium/ compatibility method
supplies these equations, by 1) forcing ��z to vanish on the top and
bottom surfaces of the laminate (2 equations), 2) satisfying conti-
nuity of ��z at each layer-interface (N � 1 equations), 3) identifying

���i��z , as computed by Eqs. (A1) and (A2) above, as the through-the-

layer-thickness average of ��i��z �z� (N equations), and 4) computing
jump in ��z;z at each interface using the first equation of equilibrium
in terms of stresses (N � 1 equations) [15,16].

Conditions 1 and 2 above imply

�f
�1�
1 � �f�N�3 � 0 (A6a)

�f
�i�
1 � �f�i�1�3 ; i� 2; . . . ; N (A6b)

The condition (3) yields

1

ti

Z
ti

0

��i��z �z� dz

� � 0; 0; 0; 0; 0; 0; c�i�44 ; c�i�45 ��B
�i�
j �fd

�i�
j g;

for i� 1; . . . ; N

(A7)

which, with the help of Eqs. (A4–A7), become�
1

6
�f�i�1 �

2

3
�f�i�2 �

1

6
�f�i�3

�

� � 0; 0; 0; 0; 0; 0; c�i�44 ; c�i�45 ��B
�i�
j �fd

�i�
j g;

for i� 2; . . . ; N � 1

(A8a)

�
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�
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�
1

6
�f�N�1�3 � 2

3
�f�N�2

�

� � 0; 0; 0; 0; 0; 0; c�N�44 ; c�N�45
��B�N�j �d

�N�
j (A8c)

The left and right sides of the remainingN � 1 equations are given by
the condition 4 above, and are obtained by using Eqs. (A4) and (A5)
and the first equation of equilibrium, respectively.

The jump at the (i� 1)th interface as computed using Eq. (A4), is
given as follows:

J�i�1�� � @�
�i�1�
�z �0�
@z

� @�
�i�
�z �ti�
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�
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�
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(A9)

which, with the help of Eq. (A5), becomes

J�i�1�� �� 1

ti
�f�i�1�3 � 4

ti
�f�i�2 � 3

�
1

ti
� 1

ti�1

�
�f�i�3

� 4
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ti�1
�f�i�1�3 ; for i� 2; . . . ; N � 2 (A10a)
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